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Abstract. We discuss the existence of the angle between two curves in Teichmiiller spaces 
and show that, in any infinite dimensional Teichmiiller space, there exist infinitely many 
geodesic triangles each of which has the same three vertices and satisfies the property that 
its three sides have the same and arbitrarily given length while its three angles are equal 
to any given three possibly different numbers from to tt. This implies that the sum of 
three angles of a geodesic triangle may be equal to any given number from to Stt in an 
infinite dimensional Teichmiiller space. 



1 Introduction 

The notion of geodesic segment plays an important role in the study of the geometry 
of a metric space. Recall that a geodesic segment in a metric space is a continuous curve 
such that for any subarc its length is equal to the distance between its two endpoints. 
It is well known that there always exists a geodesic segment between two points in 
any Teichmiiller space (see [Ga]). However, there are some essential differences of the 
geodesic geometry between the finite and infinite dimensional Teichmiiller spaces (see 
[EKL], [EL], [Lil-4], [Sh], [Ta]). By Teichmiiller's theorem, there exists precisely one 
geodesic segment between two points in finite dimensional Teichmiiller spaces, while 
there exist infinitely many geodesic segments joining certain pair of points in any infinite 
dimensional Teichmiiller space. The primary purpose of the paper is to explore the 
further geodesic property of infinite dimensional Teichmiiller spaces. 

It is known that the inner product on the tangent space to a Riemann manifold permits 
well-defined angle between two geodesic segments. Since the Teichmiiller distance is 
induced by a Finsler structure (see [Ga], [Ob], [Ro]), it is not very clear how to define 
the angle between two geodesic segments in a Teichmiiller space. Recently, following 
an idea of Professor Li, Yao [Ya] gave an approach to define the angle between two 
geodesic segments in a Teichmiiller space, and showed that such an angle really exists in 
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a finite dimensional TeichmuUer space. Later, Li-Qi [LQ] gave a somewhat complicated 
condition under which there exists the angle between two geodesic segments (of special 
form) in an infinite dimensional Teichmiiller space. 

In this paper, we will continue to discuss the existence of the angle between two 
geodesic segments in (infinite dimensional) Teichmiiller spaces. We first establish a 
variation formula for the Teichmiiller distance, from which it is proved that the angle 
between two smooth geodesic segments exists in general. We then study the geometry 
of Teichmiiller spaces from the point of angle. We show that in any infinite dimensional 
Teichmiiller space, there exist infinitely many geodesic triangles each of which has the 
same three vertices and satisfies the property that its three sides have the same and 
arbitrarily given length while its three angles are equal to any given three possibly 
different numbers from to n. This implies that the sum of three angles of a geodesic 
triangle may be equal to any given number from to Stt in an infinite dimensional 
Teichmiiller space. During the proof, we also find out that in any infinite dimensional 
Teichmiiller space there do exist infinitely many pairs of geodesic segments between each 
pair of which the angle does not exist. Consequently, in the view of angle, the geometry 
of an infinite dimensional Teichmiiller space is largely different from the standard Euclid 
or hyperbolic geometry. 



In this section, we will recall some basic definitions and notations from Teichmiiller 
theory. For more details see the books [FM], [Ga], [GL]. 

In what follows, R will always denote a hyperbolic Riemann surface R covered by the 
unit disk in the complex plane. We denote by M{R) the unit ball of the space L°°{R) of 
all essentially bounded Beltrami differentials on R. We also denote by SQ{R) the unit 
sphere of the space Q{R) of all integrable holomorphic quadratic differentials on R. 

For a given ^ G M{R), denote by the quasiconformal mapping with domain R 
and Beltrami coefficient fi, which is uniquely determined up to a conformal mapping 
on R^ = f^{R). Two elements /j, and u in M{R) are equivalent, which is denoted by 
jjL ^ v, ii and are Teichmiiller equivalent, meaning as usual that there exists a 
conformal mapping g from R^ onto R'^ such that and (70/^ are homotopic (mod dR). 
Then T{R) = M{R)/ ~ is the Teichmiiller space of R. Let $ = $^ : M{R) T{R) 
denote the canonical projection from M{R) to T{R) so that $(/u) is the equivalence [fj]. 
$(0) = [0] is called the base point of T{R). It is known that T{R) is finite dimensional 
precisely when R is of finite type, namely, i? is a compact Riemann surface with possibly 
finitely many points removed. It is also known that T{R) has a unique complex manifold 
structure such that $ is a holomorphic split submersion. 

For any Beltrami coefficient G M{R), define 
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(2.1) 



koifJ') 



00 



and set 



(2.2) 



1 - ko{iJ,)' 
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Then the Teichmiiller distance r = tr between points ^(//i) and ^{iJ,2) is defined as 



(2.3) 



t($(//i),$(//2)) = -logKo{ii), 



where is the Beltrami coefficient of the mapping o {f^'^)~^. It is known that the 
Teichmiiller distance is compatible with the complex structure on T{R), namely, it is 
the Kobayashi metric on T{R). We will need an important fact about the Teichmiiller 
distance: it is preserved under a so-called allowable map. Recall that an Beltrami 
coefficient fu. in M{R) induces an allowable map which maps T{R) biholomorphically 
onto T[R^) and sends [//] to the base point in T{R^). 

We say that fj, e M{R) is extremal if WnWoo = ^o(At)- Then we also say that /'^ is 
extremal. It is well known (see [Ha], [Kr], [RS] or Chapter 6 in [Ga]) that // is extremal if 
and only if ^ satisfies the Hamilton-Krushkal condition, that is, there exists a sequence 
(0n) in SQ{R) such that 



(2.4) 



lim Re I I /j^cpndxdy = 



Such a sequence (0^) is called a Hamilton sequence for /i. It is called degenerate if 
locally uniformly in R. 
We also need a fundamental inequality of Reich-Strebel (see [RS] or Chapter 6 in 
[Ga]). We first introduce some notations. For any /j, e M{R), set 



(2.5) 



/(//) = Ir^ij) = sup 

<t>&SQ(R) 



;dxdy 



(2.6) 



H{ii) = Hr{ii) = sup 

(l>eSQ{R) 



3? / / ii(j)dxdy 



R 



(2.7) 



J{lj) = Jr{ij) = sup 





'\<p\ 


1 - 


1/^ 


2 



dxdy. 



Then, it holds that 
(2.8) 



1-koiij) l + fco(/i) ^ ^ 



As stated in §1, the Teichmiiller distance is induced by a Finsler structure (see [Ga], 
[Ob], [Ro]). For e M(i?) and u e L°^{R), the Finsler structure F = is 



(2.9) F($(//),$'(/x)i^) = inf 



: P e L°°(i?) with $'(//) z> = $'(/x)i^L 
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From (2.8), it can be deduced that 



V 



(2.10) 



sup 



Of 



V 



1 - \ix\^ ' dft" 



dudv 



In particular, F($(0), $'(0)z^) = Hiv). It is known that the Finsler structure F is 
continuous on the tangent bundle of the Teichmiiller space T{R). 

3 A VARIATION FORMULA 

Let /u(t) be a continuous curve from [0,to] iiito M{R). We say fi{t) is diffcrentiable 
at if there exist some G L°°{R) such that //(t) = //(O) + 1// + o(t) as t ^ 0_|_, or more 
precisely. 



(3.1) 



lim 



= 0. 



We call iJ, the derivative of //(t) at 0, and denote it by /i'(0). 

Theorem 3.1. Let ii{t) andv{t) he two continuous curves from [0,to] ^'^^o M(R) which 
are diffcrentiable at and satisfy //(O) = J^(0). Then it holds that 

(3.2) T($(//(t)), $(zv(t))) = tF($(/x(0)), $'(/x(0))(/x'(0) - zv'(O))) + o(t), t ^ 0+. 



The following corollary is an immediate consequence of Theorem 3.1. When i? is a 
compact Riemann surface, it was proved by Yao [Ya] by a lengthy computation. 

Corollary 3.1. For any two Beltrami differentials fx and v in L°°{R), it holds that 
rmt/i), ^tiy)) = tH{n + o{t), t 0+. 

To prove Theorem 3.1, we need two lemmas. They are direct consequences of the 
fundamental inequality (2.8) and of the continuity of the Finsler structure F. 

Lemma 3.1. Suppose Rt is a Riem,ann surface which may depend on t G [0,to]- -(f 
r](t) e M{Rt) satisfies r/(t) = t6{t) + o{t) as t 0+, where 6(t) G L'^{Rt) satisfies 
S{t) = 0(1) as t ^ 0_|_, then it holds that 

(3.3) TK,($K,(0), ^RMt))) = tHRMt)) + o{t), t ^ 0+. 

Proof. By definition, TR^{^R^{0),^R,ir]it))) = (1 + o(l))/co(^(*)) as t ^ 0+. Now we 
replace fx by r]{t) in the inequality (2.8) on the Riemann surface Rt. Clearly, Iji^{rj{t)) 
differs from HR_^{r]{t)) by a term of order t^, both kQ{rj{t))/ (1 — /co(^)) and ko{ri{t))/ (1 + 
ko{r])) differ from ko{r]{t)) also by a term of order t^, while JR^{r]{t)) is a term of ordered 
t^. We conclude that ko{r]{t)) = HR^{r]{t)) + o{t) as t 0+ and (3.3) follows. 
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Lemma 3.2. Theorem 3.1 holds when fi{0) = u{0) = 0. More precisely, let fj.{t) and 
be two continuous curves from [0,to] 'iiT'to M{R) which are differentiable at and 
satisfy iJ,{0) — iy{0) — 0, then it holds that 

(3.4) T($(/x(t)), ^i^m = tH{{fi'{0) - u'{0))) + o{t), t^0+. 

Proof. Let r]{t) be the Beltrami coefficient of f^^*^ o (/^^*^)~-^, namely, 



By the differentiability of //(t) and we obtain 

//(t)-z/(t) t(/x'(0)-^/'(0)) 



+ o(t), t^0+. 



Clearly, with Rt = R^^^\ r]{t) e M{Rt) satisfies the assumption of Lemma 3.1 with 
By Lemma 3.1, 

Tfl,($^,(0), $ii,(r7(0)) = + o(t), t ^ 0+. 

But by (2.10) and the continuity of the Finsler structure F, as t — > 0+ it holds that 
HaAm) = F($(K^)),$'(K^))(/^'(0) - ^'(0))) ^ F($(0),$'(0)(/x'(0) - ^.'(0))). 
Thus, 

tr,{^rM. ^nAvm = H{{fi'{0) - u'm + o{t), t ^ 0+. 

Finally, T{^{n{t)),^{iy{t))) = TR^{<^R^{0),<^R^{T]{t))) by the distance-preserving prop- 
erty of the allowable map A^^f^ : T{R) T{Rt) and (3.4) follows. 

Proof of Theorem 3.1 Let /i(t) be the Beltrami coefficient of f^"^*^ o (/^(°))-^ namely. 



By the differentiability of //(t), we obtain 

t//(0) 

i-\m\'' df^J 



i-Mo)M^) 5/M(o)^ 



Mt)H.^-iSV(r(o))- + .(,), ,^0,. 
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Similarly, the Beltrami coefficient of f^^'' o (f^^^^) ^ satisfies 

Clearly, fl{t) and u{t) satisfy the assumption of Lemma 3.2. Replace R, ix{t) and v{t) in 
(3.4) by -Ro = R^^^\ jl{t) and t'(t), respectively, we obtain 

= tF(*(/i(0)), *'(//(0))(//'(0) - !.'(0))) + o(t), t^0+. 

By the distance- preserving property of the allowable map ^/^(o) : T{R) — > T(i?o), we 
have T($(//(t)),$(iy(t))) = TR,{^RMt)),^RoiHt))) and (3.2) follows. 

4 Existence of angle 

We first introduce the notion of the angle between two joint curves in a general metric 
space {X, d). Let a and (3 be two continuous curves in X with one common endpoint p. 
For any r > 0, we choose x{r) e a and y{r) G ^ such that the length of the sub-curve of 
a between p and x{r) is the same as that of the sub-curve of f3 between p and y{r) and 
equal to r. Then the angle at p between a and P, denoted by {a,P)p, is defined as the 
number ^ e [0, tt] by the equation 

N ^ . ■,. d(x(r),y(r)) 

4.1) 2sin- = lim ^ ^ ^'^^ 

if the limit exists. Notice that when both a and /? are geodesic segments in a Teichmiiller 
space, the notion of the angle is reduced to the one introduced by Yao [Ya] and Li-Qi 
[LQ] . A trivial case is when a = ^ in a neighborhood of p, then the angle at p between 
a and ^ exists and equals 0. Another trivial case is when a U ^ is geodesic at p, namely, 
there exists some closed neighborhood t/(p) of p such that (o; U /5) n C/ (p) is a geodesic 
segment. Then, it is clear that the angle at p between a and /3 exists and equals tt. 
In what follows we always assume that a /3 in a punctured neighborhood of p, and 
a U ^ is not geodesic at p, and call these two curves are distinct. As will be seen in the 
next section, the angle between two distinct geodesic segments in an infinite dimensional 
Teichmiiller space may still be equal to or tt, however. 

The following result, which follows from directly from Theorem 3.1, gives a general 
condition under which there exists the angle between two geodesic segments in a Te- 
ichmiiller space. 

Theorem 4.1. Let a and jS be two geodesic segments in T{R) given by the equations 
a = $(yu(t)) and f5 = $(z/(t)), t G [0, to] (^o < l)j respectively. Suppose both nit) and 
v{t) are continuous from [0,to] if^io M{R), differentiate at with ii{0) = ^"(0), and 

(4.2) t($(MO)),$(MO)) = t($(KO)),$(KO)) = ^l°g ^ e [O'^o]. 
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Then the angle at $(//(0)) between a and j3 exists, and 

(4.3) 2sin = F($(/.(0)), $'(/.(0))(/.'(0) - i.'(0))). 

We consider a special case of Theorem 4.1. For //Q) A* in M{R), we consider the curve 

(4.4) a t) = $ — — — , t e 0,<^(/xo,/x) , 

V()(Ato,At)(l -AtoAt) + ^Ato(At-Ato)/ 



where 

" - yUo 



(4.5) (^(/io,/i) 



1 - 



We set = ao,^ for simphcity. When o (/^°) ^ is extremal, cu^g^^ is a geodesic 
segment, and 

We call it a standard geodesic segment joining [//q] to [//]. By the well-known theorem 
of Teichmiiller, a geodesic segment a beginning at the base point in a finite dimensional 
Teichmiiller space must be a standard, actually, a Teichmiiller geodesic segment, that is, 
a = for a so-called Teichmiiller differential ji = k\(f)\/(j) with < A; < 1, e SQ{R). 
While in an infinite dimensional Teichmiiller space, a geodesic segment need not be 
standard. 

The following corollary follows immediately from Theorem 4.1. It provides an affir- 
mative answer to Problem A posed by Li-Qi [LQ]. 

Corollary 4.1. Let no, /Ui and H2 be three Beltrami coefficients in M{R) such that 
ffj-i o {f^^°)~^ and f^^ o {f^°)~^ are extremal. Then there exists the angle at the point 
[/io] between the two standard geodesic segments ct^^^^-^ and ct^Q^^^, and 

9 • (Q'mo.mh ^^J■o,^^2)[^lo] 
2 

(4.5) 

\nx - - l/ioP) (At2 - Ato)(l - l/^oP) 



F $(^o),$'(//o) 



5(/io,A*i)(l - A*oAti) <^(a*o,A*2)(1 - A*oA*2) 



In particular, when /xq = 0, 



(4.6) 2sin^"^-"^-^M=g^ ^2 



In the next section, we will see that in any infinite dimensional Teichmiiller space 
there do exist infinitely many pairs of geodesic segments (one of which even may be a 
Teichmiiller geodesic segment) between each pair of which the angle does not exist. 
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5 An example 

In §4, we have introduced the notion of the angle between two curves in TeichmuUer 
spaces and show that such defined angle exists in a much general situation. A natural 
question is to determine whether so-defined angle behaves like that under the standard 
Euclid or hyperbolic geometry. Recall that a geodesic triangle A in a general metric 
space consists of three distinct geodesic segments, called the sides of A, any two of 
which have precisely one common endpoint. In this section, we will prove the following 
result. 

Theorem 5.1. Let R be a Riemann surface of infinite type so that T(R) is infinite 
dimensional. Given any four numbers I and 6i, 62, ^3 with < I < 00 and < 6j < n 
for j = 1,2,3; there exist infinitely many geodesic triangles in T{R) each of which has 
the same three vertices and a common side and satisfies the property that its three sides 
have the same length I while its three angles are equal to $1, 62, ^3 respectively. 

Theorem 5.1 implies that the sum of three angles of a geodesic triangle may be equal 
to any given number from to Stt in an infinite dimensional TeichmuUer space. Thus, 
the geometry of an infinite dimensional Teichmiiller space is largely different from the 
standard Euclid or hyperbolic geometry in the view of angle. This also provides a nega- 
tive answer to Problem B posed by Li-Qi [LQ] in the infinite dimensional case. During 
the proof of Theorem 5.1, we will find out that there do not exist the angles between 
infinitely many pairs of geodesic segments (one of which even may be a Teichmiiller 
geodesic segment) in any infinite dimensional Teichmiiller space, as stated at the end of 
§ 4 (see Lemma 5.1 below). 

Proof of Theorem 5.1 Let be a given Riemann surface of infinite type so that T{R) 
is infinite dimensional. Choose an extremal Beltrami coefficient in M[R) which sat- 
isfies = = ^27^ < 1 and possess a degenerating Hamilton sequence ((/>n)- It is 
known there even exist infinitely many Teichmiiller differentials each of which possess a 
degenerating Hamilton sequence (see [LS]). 

Since (0n) is degenerating, we can always choose a sequence of compact subsets D„ 
of i?, and a subsequence of (0n) which we still denote by {(j)n)i such that 

(5.1) Dn-lCDn, i? = U~iL»n, 

and 

(5.2) // \4>n\dxdy = 1 + o{l) , n^oo. 

J Jd„\D„_i 

We need to consider the inverse map {f^)~^, and denote by n* its Beltrami coefficient. 
Since fi is extremal with a degenerating Hamilton sequence, //* is also extremal, and has 
a degenerating Hamilton sequence, which we denote by (0^). Set D* = /^(D„). Then 
(L>*) is a sequence of compact subsets of R^. We now choose subsequences of (0*) and 
(L>*), which we stiU denote by (0*) and (-D*), such that 
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and 

(5.4) // Icplldxdy ^ l + o{l), n^oo. 

jJd*\d* , 

n \ n — 1 

We list two basic properties of these constructions. Set Ri = U5^o(-^2n+i \ D2n) 

{Do ^0),R2^R\RuRt^ o(^2n+l \ D*2n) (^0* = 0), R^ ^ R^ \ i^^ Let X 
denote the characteristic function of a set. Then for any two numbers ci and C2, we have 
the following two statements: 

(Pi) Hr{{ciXRi +C2XR2)iA = IKciXiti + C2Xjt2)/x||oo = /cmax(|ci|, |c2|). 



(P2) Hr^.{{ciXr^;; +C2Xr^)iJ'*) = IKciXa^- + C2Xii^)/i*||oo = A;max(|ci|, jcal). 
Step 1 Constructing a geodesic segment between $(/i) and $(xfliA*) 

For simplicity, set //i = XfliA*- (-Pi) implies that //i is extremal, and ||/ii||oo = k. To 
construct a geodesic segment between [//] and [//i], we adapt some discussion from Li 
[Li3] and the first-named author [Sh]. Define /it in M{R) joining ji to jii as follows: 

(5-5) lit = (cr{t)XRi + T7T — 77V^-R2 ) M> 



k{l - kt)- 

where a{t) is a continuous function of t in [0,k] satisfying the following condition: 

, , ( k-t t] . ( k + t 2k~(l + k^)t 

(5.6) max \ — — , - } < a{t) <m.m' ^ ^ 



k{l-ktyk}- \k{l + kty k{l + k"^ - 2kt) 

Clearly, ||//t||oo = cr{t)k. Using (Pi) again, we see that each jii is extremal. Then, $(//t), 
t e [0,A;], is a geodesic segment between [//] and [//i]. 

In fact, if we set ft = /'^*, then the complex dilatation jit of ft o /q~^ is 

(r:n\ ~ ( l^t-^ dfo\ 1 f 1-Cr{t) t \ ^ 

^'•'^ ^'^[rr^t'WoJ^^' = [r^^f''' ^ k^'^O ^ ■ 

A direct but tedious computation from (5.6) yields ||/it||oo = t. On the other hand, by 
(P2) we conclude that jit is extremal. So we get 

(5.8) r(M, [/.,]) = ^ log 

Now the Beltrami coefficient Dt of ft o f^^ is 



(5.9) vt 



IJ-t - IJ-i _ dfi 
1 - jiil^t df: 



.J OA . 



10 



YULIANG SHEN & YUN HU 



By the definition of fit and the inequahty (5.6) we get 



oo 



(1 - kt) 

On the other hand, by (5.8) and (5.10), 

r([/xi], [Ht]) > r(M, [/xi]) - r([/x], [/.,]) = I log (l±4. ■ ^1 = i log ^ + H^*' 



2 Vl-^ 1 + tJ 2 l-||i>t| 
Therefore, t't is extremal, and 

(5.11) r([/xi], [/.,]) = ^ log ^ + 11^*11°° 



2 l-||i^t||oo 

Consequently, 

^(N, + ^([/^i], [yut]) = ^(M, [i^i]), t e [0, A;]. 

This implies that $(/Ut), t G [0, /c], is a geodesic segment between [/j] and [/Ui]. 

Now we consider the standard geodesic segments = ^{t/kfi), a^^^ = $(t/fc/ii) and 
the above-constructed geodesic segment — ^(/^t)? t ^ [0, A;]- Then they have the same 
length I log = I. Clearly, a^H = {[//]}, n ^o- = {[a*i]}. Before we discuss 
the existence of the angles at [//] and [/xi], we point when U j3a- is (not) geodesic at 
[/u], and a^^ ^-i Pa is (not) geodesic at [/Ui]. Since both and ^So- are geodesic segments, 

U /3o- is not geodesic at [//] if and only if, as t — 0+, 

t([0],M) + t(M, [/.,]) >t([0], [/.,]), 
which implies by (5.8) that 

(5.12) -W<S(^' 
Similarly, ct^j U is not geodesic at [//i] if and only if 
/..ox 2/c-(l + A;2)t 

Under these two conditions, a^, and /S^r are distinct geodesic segments. In the 
following, we assume that a satisfies (5.6), (5.12) and (5.13). Corollary (4.1) and (Pi) 
imply that 

(a^, a^J[o] = 2 arcsm — = 2 arcsm — = -. 

We end this step by pointing out that a{t) = 1 meets all the conditions (5.6), (5.12) 
and (5.13). In this case Pa is the standard geodesic segment a^^^^. This will be essential 
in our final step to construct the desired geodesic triangle. We also point out that 
there are infinitely many continuous functions a satisfying the conditions (5.6), (5.12) 
and (5.13), and two different such functions determine two different geodesic segments 
between [/x] and [/xi]. 

Step 2 On the existence of the angle at [ji] between and Pa 
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Lemma 5.1. There exists the angle at [/i] between and P^r if and only if a is differ- 
entiable at 0. Furthermore, we can choose a so that the angle at [fj] between and j3a- 
attains any given number from to tt. 

Proof. We first assume a is differentiable at 0. (5.6) implies that |c'(0)| < (1 — k^)/k. 
Then /xt is differentiable with hq — /j,, and 

(5.14) n\0) = Inn = (a'(O)xH, + ^^XR^j 
Interchanging the endpoints, = ^{vt)-, with 

Then vt is differentiable with uq — n, and 

(5.15) .'(0) = hm ^ = 

t->-0+ t K 

It is easy to see that 

(5.16) r([/x],H) = ^logi±^. 

By (5.8), (5.14-16), we find that and i>t satisfy the assumption in Theorem 4.1. 
Consequently, there exists the angle at [/x] between and and 

2sini^^^l|^ = F($(/i),$'(/i)(/(0) -^.'(0))). 



Noting that 



we obtain 



/.'(0)-^'(0)= (^l^+a'(0))xK./x, 



F($(/x), $'(/i)(a*'(0) - u'm) = (^i^ + a'(0)^ F($(^), ^'i^i)ixR.^^)) 

V^;i|)..((x«..i)»/„-') 



Consequently, 

(6.17) 2sin<'""f>"-'=l + ^ 

2 1 — A;^ 
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Since |a-'(0)| < (1 — k'^)/k, we see that {an,/3^)[i^] e [0,7r]. 

To show that (ct^, /3o-)[^i] may attain any number from to tt, it is sufficient to show 
that for any number S with \S\ < (1 — k'^)/k, there exists a continuous function asit) 
in [0, /c] which satisfies the inequahties (5.6), (5.12) and is diff'erentiable at zero with 
cr^(O) = 5. ActuaUy, by (5.12), we only need to find as{t) when t — > 0+. When 
5 = {1 — k'^)/k, we choose 



1 _ ^2 

asit) = l + ^^t-{l-k^)t^, t^0+, 



when —(1 — k'^)/k < 5 < {1 — k'^)/k, we choose 

Conversely, suppose that there exists the angle at [//] between and /5o-. By (5.8) 
and (5.16) we conclude that 

hm ^MlM = 2sin^^^^l^. 
t^o+ t 2 

Let 111 denote the Beltrami coefficient of /'^* o {f^*')~^. It is routine to show that jil is 
extremal, and 



(5.18) 
Then, 



kQ{l4) = 



ka{t) 



k-t 
1-kt 



1 - 



k-t 
1-kt 



ka{t) 



r(k], Wt]) = I log ; + = /co(^n + o{t) = + t + o{t), t ^ 0+. 



2 °l-/co(//r) 
Consequently, a is differentiable at 0, and 

1-e 



1-P 



a'(0) = 



k 



2sini^^i^-lV 



Finally, we need to find a continuous function a which satisfies (5.6), (5.12) but is not 
differentiable at so that the angle at [/x] between o:^ and P^- does not exist. In fact, 
the following function works: 



Step 3 On the existence of the angle at [fii] between a^^ and (3a- 
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Lemma 5.2. There exists the angle at [^\] between a^^ and (3^ if and only if a is 
differentiahle at k. Furthermore, we can choose a so that the angle at [ni] between a/^^ 

and Pa attains any given number from to tt. 

Proof. By the same reasoning as in Step 2, we can prove that the angle at [fii] between 
a^-^ and (3^ exists if and only if a is differentiahle at k. In this case, |cr'(/c)| <l/k, and 

(5.19) 2sin = 1 - ka'ik). 

We omit the details here. Consequently, {a^j^, Pcr)[ij.i] G [0, tt], and it attains any number 
from to TT. As above, it is sufficient to show that for any number r] with \r]\ < 1/k, 
there exists a continuous function (T^(t) in [0, /c] which satisfies the inequalities (5.8), 
(5.13) and is differentiahle at k with a!^{k) = 77. This time, by (5.13), we only need to 
find as{t) when t — > A;_.When 77 = — 1/A;, we choose 

t-k 2{t-kY 
a,{t) = l-— t^k_, 

when —l/k<r]<l/k,we choose 

ar,{t) = l + r]{t-k), t^k-. 



Step 4 Constructing the triangle 

We have proved that U a^^ U is a geodesic triangle such that its two angles 
at [n] and [ni] can be equal to any two given numbers from to tt for an appropriate 
function o", but the third angle at [0] is fixed and equal to 7r/3. We now show that 
can be modified in a neighborhood of [0] so that the new angle at [0] can be equal to 
any given number from to tt. 

Recall that the existence and the value of the angle between two geodesic segments 
are preserves under an allowable map. By (5.7) we see that fti = Xii^A**- Replacing /x, 
/ii and Ri by fi*, fli and R2 respectively in the three steps above, we obtain a geodesic 
segment 75- in T{R^) joining [//*] to [fii] such that the angle at [//*] between 75. and a^* 
exists and equals any given number from to tt, and 75- coincides with the standard 
geodesic segment a^*^p,^ in a neighborhood of [jli] (as remarked at the end of Step 1). 
By the allowable map : T{R) T{R^), 75. becomes a geodesic segment 75^ in T{R) 
joining [0] to [fxi] such that the angle at [0] between 75. and exists and equals any 
given number from to tt, and 75- coincides with the standard geodesic segment a^^ 
in a neighborhood of [/xi]. Now let Aq denote the geodesic triangle a^U Pa ^ la with 
vertices [0], and [jJii]. Then the angles at these three vertices exist and equal any 
three given numbers from to tt. This finishes our construction and completes the proof 
of Theorem 5.1. 

Remark 1 In a finite dimensional Teichmiiller space, the angle between two distinct 
geodesic segments exists and is always positive and less than tt. It is not known whether 
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the sum of three angles of a geodesic triangle in a finite dimensional TeichmuUer space 
is less than tt. This seems to be a difficult problem. 

Remark 2 Masur [Ma] proved that any Teichmiiller space of finite dimension (> 2) does 

not have negative curvature. In general, a metric space (X, d) is said to have negative 
curvature if for any geodesic triangle A in X with vertices A, B and C, d{B, C) > 
2d{B,C), where B is the midpoint of the side AB between A and B, and C is the 
midpoint of the side AC between A and C. In fact, by Masur 's discussion, for any 
Teichmiiller space T{R) of finite dimension (> 2) and any number e > 1, there exists 
a geodesic triangle A in T{R) with vertices A, B and C such that d{B, C) < ed{B, C). 
It is of interest to determine whether one can take e = 1 here. Our proof of Theorem 
5.1 shows that this is the case when T[R) is infinite dimensional. Thus, an infinite 
dimensional Teichmiiller space is far from having negative curvature. 

In fact, we may consider the triangle A = U a^^ U 13 Here we assume that 

(5.20) a{to) ^ "^^^ 



1 + A;2 + ^T^p 
with 

k 



(5.21) to = 



1 + 

By (5.8), (5.16) and (5.20), we obtain 

1 1 -\- k I 

^(M, [/^to]) = ^(M: K]) = 1 log YZTk " 2' 

Thus, [jJito] and [vt^] are the midpoints of 13 (j and ct^, respectively. Now it follows from 
(5.18), (5.20) and (5.21) that 
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